The classic works of P. Samuelson and R. Merton in the 1960-70s demonstrated that a rational investor (a rational maximizer of expected utility) should maintain the same portfolio regardless of the investor's age. This conclusion stood out against conventional practices that advocated the opposite views -the investor's portfolio should be rationally expected to evolve as the investor ages.
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This "defiance of folk wisdom and casual introspection" satisfied neither Samuelson nor numerous financial economists and practitioners. 2 So began the quest to find a sensible framework that would demonstrate that a rational investor should do "something different over time." Numerous authors have attempted to prove that rational investors should alter their portfolios over time. Several factors that may justify the rationality of evolving portfolios have been introduced in academic literature. Most notably, the presence of "human capital" and the mean-regressing properties of portfolio returns, under certain conditions, may substantiate the evolution of rational investors' portfolios. Nevertheless, the time-diversification problem has never been declared solved, only that "some very considerable progress has been made." Thus, we have a decades-old quest to justify the rationality of evolving portfolios that has involved "some of the finest investment minds." We also acknowledge that "little rigorous work has been done" to answer some of the most important questions of life-cycle investing. How could these statements coexist without contradiction?
To answer this question, let us take a closer look at some classic results. According to , there is a "mandate that rational investors should be myopic, ignoring the length of their time horizon." This mandate, however, is valid only "for those who maximize expected utility." 6 Lots of rigorous work has been done to answer how rational utility maximizers should invest their assets. But what about those who do not wish to "maximize expected utility" and pursue other goals instead? 7 This paper identifies a different goal that compels a rational investor to do "something different over time." This paper's position is the conventional approaches to the time diversification problem are unconvincing not because they produce the wrong answers, but because they answer the wrong questions.
The framework this paper presents -Commitment Driven Investing (CDI) -explains the evolution of a rational investor's portfolio and its "time diversification" properties. The key features that distinguish CDI from other models are the explicit presence of a financial commitment in the funding problem and the recognition that multiple asset allocation decisions a rational investor makes over the investor's time horizon should form a Nash equilibrium solution to the problem of funding the commitment.
Different Aspects of the Time Diversification Problem
The term "time diversification" has several interconnected aspects. The most recognized meaning of the term signifies the belief that time "diversifies away" the riskiness of equities. Do equities possess time diversification properties? This seemingly straightforward question has proven to be highly controversial. While good arguments have been presented on both sides of the debate, a conclusive answer to this question has eluded the debate's participants.
The emerging consensus appears to be that a conclusive answer to this question may not even exist. Some risk measurements of equities increase with time; some other risk measurements of equities decrease with time. This resolution appears to be as good as it gets for this aspect of the problem.
This resolution, however, is unsatisfactory as a general solution because the most recognized meaning of the term "time diversification" is not necessarily the most important one. To a practitioner, a much more relevant aspect of the time diversification problem is the problem of optimal equity allocation and the evolution of this allocation over time (this aspect of the problem is sometimes called "time-series diversification"). Should a rational investor expect to reduce her equity exposure as she ages? This seemingly straightforward question has confounded academic researchers and practitioners alike.
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Yet another meaning of the term "time diversification" is related to different investors at different ages, as opposed to one investor and the evolution of her portfolio over time (this aspect of the problem is sometimes called "cross-sectional diversification"). Should a younger person hold more equities than an older one? This seemingly straightforward question has proven to be as controversial as the abovementioned "seemingly straightforward" questions.
Overall, the problem of time diversification has long been the subject of raging debates that show no signs of abating.
It is important to clarify the place of this paper in this debate. If one believes in the "more timeless risk" property of equities, then one is understandably in favor of both time-series and crosssectional time diversifications. After all, if "more time" means "less risk," then younger people, who possess more time by definition, should hold more equities. On the other hand, if one supports time-series and cross-sectional diversifications, it does not necessarily mean that one believes in the "more time -less risk" property of equities. The solutions this paper presents possess both time-series and cross-sectional diversification properties. At the same time, this paper advances no arguments regarding long-term or short-term riskiness of equities.
Commitments, Goals and Nash Equilibria
The approach this paper introduces is based on the idea that investors do not invest in a vacuum -they contribute their resources and take a multitude of risks primarily to fund their financial commitments. A financial commitment is defined as a series of payments in the future. 8 As Peter Bernstein put it, "… the purpose of accumulating wealth is to spend money at some future point for some purpose. " 9 The challenge is to bring this "money at some future point for some purpose" -a financial commitment -directly into portfolio optimization.
A commitment is the reason a particular investment program exists in the first place. The objective of funding the investor's commitment is the driving force behind the asset allocation and contribution policies as well as the guiding light for risk taking. To highlight the role the concept of commitment plays in the funding problem, this framework is called Commitment Driven Investing (CDI).
It should be clear from the paper's epigraph that this author subscribes to the notion that the assumption regarding the investor's goals is of paramount importance. The very existence of a specific commitment makes possible an explicit articulation of the investor's goals regarding the cost of funding and the risk of failing to fund the commitment. When a multi-period commitment is explicitly defined, the investor is at liberty to put the expected evolution of the investor's preferences into effect.
Let us consider, for example, an investor who has made a commitment to fund a certain cash flow over the next N years. The investor's challenge is to specify her risk preferences and the evolution of these preferences, design the initial portfolio and the evolution of this portfolio, and, finally, determine how much money to contribute.
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Assuming that the investor rebalances her portfolio at the beginning of each year, the investor is expected to make N portfolio selections. It is useful to think that different investors (rather than the same investor at different points in time) make these portfolio selections. Effectively, there are N investors -the investor herself at the present and her aging "clones" in all subsequent years. Every investor selects a portfolio in her particular year. All investors have the same goal -to fund the commitment. The presence of the commitment and the existence of the common goal compel the investors to seek a mutually beneficial strategy. The investor and her aging "clones" are called the investor's cohort throughout this paper.
The decisions of the members of the investor's cohort are interrelated. Problems regarding the interactions of a group of decision makers are one of the subjects of game theory. The investor's cohort represents a set of players. Various portfolios available to a player represent the player's set of actions. Given a level of risk tolerance, a player may prefer a portfolio that minimizes cost for the player's level of risk tolerance. Therefore, each player has certain preferences for the player's actions (the lower cost, the better). A set of players, their actions and preferences define a strategic game.
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Every player must deal with other players and respond to their actions. Therefore, the goal of the investor's cohort is to develop a strategy according to which every player's action is the best response to other players' actions. Such a strategy represents one of the central notions of game theory -the concept of Nash equilibrium. (A set of actions represents a Nash equilibrium if no player can benefit by unilaterally changing her action.) 11 The next section discusses this example in more detail and, in particular, specifies a series of portfolio selections that represents a Nash equilibrium for the funding problem in the example.
Getting back to the time diversification debate, the key question is whether the portfolios that represent a Nash equilibrium should be the same. As a rule, the answer is "no." In particular, the investor's cohort, even though subject to constant risk tolerance and facing random-walk securities returns, would not rationally invest the same fraction in equities at all ages.
It is informative to compare these statements to the following statement from Samuelson [1989] .
"Folk wisdom recommends that we should be more risk tolerant when young, reducing as we approach retirement the fraction of wealth put into risky equities and increasing our safe-cash exposure. However, Samuelson [1969] found that a rational maximizer of expected utility, even though subject to constant relative risk aversion and facing random-walk securities returns, would rationally invest the same fraction in equities at all ages." (Emphasis is mine -DM).
Obviously, the presence of "time diversification" in CDI and the absence of "time diversification" in Samuelson's framework are in conflict. To grasp the nature of this conflict, it should be noted that Samuelson's "rational maximizer of expected utility" and "a rational Nash equilibrium constructor" in CDI have entirely different goals. The differences between the goals CDI and Time Diversification 6 13/03/13 of "maximizing expected utility over a lifetime" and "constructing a Nash equilibrium solution" may truly "matter a lot."
Example: $1 in N Years
Let us assume that the investor has made a commitment to fund just one payment of $1 in N years. We assume that the goal to fund the commitment is the investor's primary objective and the failure to fund the commitment is the investor's primary risk.
It should be emphasized that the primary risk is defined as an event the investor wishes to avoid (the failure to fund the commitment). In order to manage this risk, the risk should be measured. The measurements of this risk include, but are not limited to, the probability of the "event-toavoid" and the size and volatility of shortfall if the "event-to-avoid" happens. This paper focuses primarily on the probability of the "event-to-avoid" due to its importance and simplicity. Consequently, the risk tolerance is expressed as the probability that a particular asset value at the present is sufficient to fund the commitment. Other measurements, however, are also important for a comprehensive risk analysis.
We also make the following assumptions.
 The investor contributes a certain asset value at the present and makes no other contributions.  The investor wishes to minimize this asset value (the cost of funding the commitment)
given the investor's risk tolerance.  The distributions of portfolio returns are lognormal.
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 Portfolio returns in different years are independent.  There are no transaction costs.  There is no risk-free asset. In other words, a Treasury zero-coupon bond that pays $1 at the end of N years is not obtainable.
For a given series of stochastic portfolio returns 1 ,, N RR , let us define random variable RA as the stochastic present value of $1 in N years.
Definition (1) provides asset value RA required at the present to fund $1 in N years (this is the reason behind the abbreviation RA -"Required Assets").
The investor's risk tolerance and the cost of funding the commitment can be expressed in terms of stochastic present value RA. For a given asset value $A and a series of portfolios returns 1 ,, N RR , probability p that $A is sufficient to fund $1 in N years is equal to
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It clear from (2) that if the investor wishes to have probability p to fund the commitment, then asset value A is equal to the pth percentile of RA. Therefore, the problem of cost minimization is equivalent to the problem of finding the lowest pth percentile of the corresponding RA.
(Proposition 1 in the Appendix contains a formula to calculate percentiles of RA).
It should be emphasized that the procedure of finding the lowest pth percentile of RA utilizes risk tolerance at the present and ignores future risk tolerances. In this case, it can be shown that, given the investor's risk tolerance at the present, a series of portfolios that minimize the cost of funding the commitment does not possess time-series diversification properties. In other words, if the investor is allowed to select portfolios in all years and use her risk tolerance only at the present, then the optimal strategy contains the same portfolio in all years (see Proposition 2 in the Appendix). In terms of the investor's cohort, this result essentially tells us that if a player could disregard the succeeding players and their risk preferences, the player's optimal strategy would be to select the same portfolio every year.
Exhibit 1 contains numerical examples for the problem of funding $1 in one year (N=1), two years (N=2), and three years (N=3) under the assumption that the investor's risk tolerance (70%) exists only at the present. The optimal strategy for the two year problem is 58% equities and 42% cash in both years; the optimal strategy for the three year problem is 100% of equities in all three years. The optimal portfolios, however, do depend on number of years N and risk tolerance p. Thus, time-series diversification is absent, but cross-sectional diversification is present. Now, let us assume that risk tolerance preferences do not disappear. In light of this assumption, let us revisit the funding problem paying full attention to the investor's cohort. As a "strategic game," this problem has the following distinctive properties. First, every player has preceding and succeeding players. Second, every player's action depends on the actions of all succeeding players. These properties suggest a natural "order of operations" in the quest to find optimal portfolios -from year N back to the present.
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Let us consider the Nth (last) player in the investor's cohort and her risk tolerance. The last player wishes to have probability N p to fund $1 in one year and, at the same time, minimize the cost of funding the commitment. Her RA is defined as
As discussed before, the last player's goal is to minimize the N p th percentile of RA N in ( 6) and subsequently minimize the p k th percentile of RA k in (6) Correlation between Equities and Cash 0
The time-series diversification properties of the optimal strategies for the two year and three year problems in Exhibit 2 are clear -the optimal portfolios there obviously shift from equities to cash over time. Note that the year 2 portfolio in the optimal strategy for the two-year problem and the year 3 portfolio in the optimal strategy for the three-year problem are the same as the optimal portfolio for the one-year problem. Similarly, the year 1 portfolio in the optimal strategy for the two-year problem and the year 2 portfolio in the optimal strategy for the three-year problem are the same.
Apart from the differences in the time diversification properties, the results presented in Exhibits 1 and 2 are strikingly different in conventional terms as well. The optimal portfolios in Exhibit 2 are much more conservative in the "asset-only" space than the ones in Exhibit 1. For example, the all-equity glide path in the three-year funding problem that ignores future risk preferences loses its over-aggressiveness as soon as these future risk preferences are introduced. As we see, the incorporation of future risk tolerance preferences may have profound impact on optimal portfolios, even when these preferences remain constant.
Attributes of CDI
This paper does not attempt to present CDI in its entirety, as the main subject of the paper is time diversification. Some of the most valuable features of CDI -e.g. multi-stream commitments, human capital, annuities, and matching bond portfolios -are outside of the scope of this paper.
13
In fact, in order to illuminate the issue of time diversification in CDI, the author has endeavored to present the simplest possible version of CDI in this paper. A much more realistic example of a Nash equilibrium glide path for a DC plan participant is presented in Exhibit 3 in the Appendix.
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However, it is important to highlight a few attributes of CDI that distinguish this approach from other approaches. This section presents a concise discussion of these attributes.
The first attribute is related to the articulation of the investor's goals. The investor's goals must be stated clearly. Unfortunately, a clear articulation of the investor's goals is not a common attribute of most publications on the subject of asset allocation. In CDI, the investor's goal, in its simplest form, is dual: given a financial commitment, to minimize risk at a given level of cost, and minimize cost at a given level of risk. One of the key results in CDI is these objectives are in perfect harmony with each other -they lead to the same set of efficient portfolios called the costrisk efficient frontier.
The second attribute is related to the issue "what to manage and when to manage it." As we all know, the amount of literature devoted to the analysis of investment risks is immense. A large portion of this literature deals with investment portfolios and their returns. A number of risk measurements of portfolio returns are well-known (e.g. standard deviation, shortfall probability, semi-variance, value-at-risk). Also well-known are various methodologies that optimize portfolios based on these measurements. It is generally recognized that all risk measurements have their pros and cons, and there is no single risk measurement superior to all others. 15 Yet, all portfolio return-based methodologies utilize one obscured assumption. It is assumed that the asset value is known at the present and the goal is to manage the unknown future value. For example, think of the classic mean-variance optimization (MVO). Given one dollar at the present, MVO minimizes the variability of the future value of this dollar given the mean of the future value. In general, the object of return-based optimization (RBO) is in the future.
For an investor with a financial commitment to fund, the situation is exactly the opposite. As was discussed in the previous section, if the investor has a commitment to fund $1 in N years, then the desired future value ($1) is perfectly known. On the other hand, the present value -the amount to invest at the present -is not known and should be optimized. In the simplest form of the mean-variance version of CDI, given one dollar in the future, CDI minimizes the variability of the present value of this dollar given the mean of the present value. 16 In a certain sense, CDI is RBO in reverse, as RBO's "known present -optimized future" principle becomes CDI's "known future -optimized present" principle. Hence, the object of the commitment-based optimization is at the present.
The third attribute is related to the main object of our analysis. By definition, the main object of all return-based optimization methodologies is portfolio return and its measurements. Portfolio return is a one-period stochastic object that "knows nothing" about the investor or her financial commitments. While there have been attempts to fix this problem (most notably, the replacement of portfolio return by surplus return in surplus optimization), the results of these attempts have not been broadly accepted in DB or DC universes.
The main object of analysis in CDI is RA ("Required Assets") -a stochastic present value of the investor's financial commitment. RA "knows something" about the investor and her commitment; in fact, it "knows" a lot about the commitment. For example, for a DC plan CDI and Time Diversification 11 13/03/13 investor, RA "knows something", among other things, about the investor's age, salary, deferral rate, and time until retirement. For a DB plan, RA "knows something," among other things, about the age/service characteristics of the plan, its demographic assumptions and the benefit package. Most importantly, RA "knows something" about the investor's portfolio and its evolution in the future. Thus, RA contains vital information about the key components of the funding problem.
As a technical tool, RA possesses a number of valuable qualities; some of them were on display in the previous section. RA is a multi-period stochastic object that can accommodate different rebalancing rules, volatile commitment streams, annuities, matching bond portfolio, and much more. It helps translate the problems of funding financial commitments into the standard language of probability theory and utilize this theory's analytical tools to tackle those problems. 17 Overall, the analysis of stochastic present values is valuable to a variety of funding problems (DC and DB plans, foundations, endowments, etc.) This author is cautiously optimistic that this analysis will eventually become a mainstream technique for institutional and individual investors.
Conclusion
The time diversification debate has been going on for a long time and is likely to continue. According to some models, a rational investor, in pursuit of her goals, "would invest the same fraction in equities at all ages." This paper presents a different framework -Commitment Driven Investing -that looks at the problem of time diversification form a different angle. In this framework, a cohort of rational investors, in pursuit of their goals, would not generally invest the same fraction in equities at all ages. Thus, the investors' goals are at the heart of the time diversification conundrum.
In addition to setting the right goals, investors must ask the right questions. Here is a small sample of questions that investors may want to ponder.
 What is the purpose of accumulating wealth?  When does risk taking happen -at the present, at some point in the future, or all the time between now and some point in the future?  What do we know -the future value or the present value?  What do we need to know -the future value or the present value?  Do risk preferences ever disappear?
The identification of the right goal is one of the most important steps in the process of finding optimal solutions, as Fischer Black taught us in Black [1995] . Maximizing expected utility gives one set of strategies, and maximizing the likelihood of funding one's financial commitment gives another. We are finally beginning to grasp the importance of F. Black's final message to us. is the pth percentile of the standard normal distribution.
Proposition 2. For a given probability p, a series of portfolios that minimizes the pth percentile of RA (see Proposition 1) contains identical portfolios. 
